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Abstract
We present an elegant method to prove the invariance of the Chern–Simons part of the non-Abelian action for N coinciding
D-branes under the R–R and NS–NS gauge transformations, by carefully defining what is meant by a background gauge
transformation in the non-Abelian world volume action. We study as well the invariance under massive gauge transformations
of the massive Type IIA supergravity and show that no massive dielectric couplings are necessary to achieve this invariance.
We show that this result is consistent with (massive) T-duality from the non-Abelian action for N D9-branes.
 2004 Published by Elsevier B.V.
1. Introduction
It is well known by now that the physics of a set of N coincident Dp-branes can be very different from the
physics of N parallel but separated Dp-branes. The latter is described by a (p + 1)-dimensional Abelian world
volume action, with as bosonic field content N U(1) vector fields V Ia , with a the world volume index, and N
times (9 − p) scalars XiI , that can be arranged in (9 − p) N × N diagonal matrices. The U(1) vectors are of
course the Born–Infeld vectors living on each brane, while a scalar XiI represents the position of the I th brane in
the transversal direction xi . As the separation between the different D-branes decreases, the open strings stretched
between two distinct branes grow shorter and lighter, so that in the limit where all D-branes coincide new massless
states are generated, and new physics appears.
Witten showed [1] that these new massless states are arranged such that the U(1)N gauge symmetry of the sys-
tem of D-branes is enhanced to a full non-Abelian U(N) gauge symmetry. The N Born–Infeld vectors form a single
U(N) Yang–Mills vector Va and the transverse scalars, arranged in N ×N matrices Xi , become non-Abelian matri-
ces transforming in the adjoint representation of U(N). The I th eigenvalue of the matrix Xi has still the interpreta-
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ously diagonalisable, the branes are no longer fully localisable in all transverse directions. Therefore, the geometry
of the transverse space described in terms of the matrix-valued coordinates Xi becomes that of a “fuzzy surface”.
The new physics associated to these extra massless string states has to be encoded in the world volume effective
action describing the system of coincident branes. This action should now be written in terms of the matrix valued
fields Va and Xi . Determining the exact form of the Born–Infeld action is a highly non-trivial problem, to which
the solution is still not clear (see, for instance, [2]). A lot of progress has been made, however, over the last few
years in the understanding of the structure of the non-Abelian Chern–Simons (or Wess–Zumino) action.
The first generalisation of the Chern–Simons term to the U(N) case was proposed in [3]:
(1.1)SDp = Tp
∫
P [C]Tr{eF}= Tp
∫ ∑
n
P [Cp−2n+1]Tr
{Fn}.
Here the trace is taken over the Yang–Mills indices of the N -dimensional representation of U(N) and P [Ω]
denotes the pullback of the background field Ω to the world volume of the D-brane. The world volume field F
is given by F = F + P [B], where Fab = 2∂[aVb] + i[Va,Vb] is the non-Abelian field strength of the Born–Infeld
vector and B the NS–NS two-form.
The invariance of this action under the gauge transformations of the background NS–NS and R–R fields was
further investigated in [4], where it was shown as well that in order to be invariant under the massive gauge
transformations of massive Type IIA supergravity [5,6], extra m-dependent terms were needed in the action. These
extra terms were also obtained from the (massive) T-duality relations [6,7] between the different D-brane actions,
generalising to the non-Abelian case the Abelian calculation of [7].
Nowadays we know, however, that the Chern–Simons action for coincident D-branes presented in [4] is not
the complete story. On the one hand, in the non-Abelian case the background fields in (1.1) must be functionals
of the matrix-valued coordinates Xi [8]. Explicit calculations of string scattering amplitudes [9] suggest that this
dependence is given by a non-Abelian Taylor expansion
(1.2)Cµν(xa,Xi) =
∑
n
1
n!∂k1 · · ·∂knCµν(x
a, xi)
∣∣
xi=0X
k1 · · ·Xkn .
On the other hand, in order to have invariance under U(N) gauge transformations the pullbacks of the background
fields into the world volume have to be defined in terms of U(N) covariant derivatives DaXµ = ∂aXµ + i[Va,Xµ],
rather than partial derivatives [15,16]. For instance,1
(1.3)P [C2] = CµνD[aXµDb]Xν.
This, together with the symmetrised trace prescription of Tseytlin [10],2 that we will denote by curly brackets {. . .},
assures the invariance of the action under U(N) gauge transformations
(1.4)δVa = Daχ, δXi = i
[
χ,Xi
]
.
One should note, however, that the presence of U(N) covariant pullbacks has consequences on the invariance
under NS–NS and R–R gauge transformations. Let us look, for example, at the variation δCµν = 2∂[µΛν] of the
term given in (1.3). Naively filling in the variation in the pullback yields:
(1.5)δ{P [C2]}= 2{P [∂Λ1]}= 2{∂µΛνD[aXµDb]Xν}.
1 From now on instead of working in the static gauge we will write everything in a “diffeomorphism invariant” way (see, however, [17–19]
and our comments in the conclusion), with the understanding that U(N) covariant derivatives reduce to ordinary ones for Xµ laying in the
world volume of the D-branes.
2 Although for the non-Abelian Born–Infeld part of the action, the symmetrised trace prescription receives corrections at order (α′)3 [11–
14], there is no reason to think that it would not be valid for the Chern–Simons part of the action.
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D1-brane Chern–Simons action (for world volumes without boundaries). In the non-Abelian case however the
variation is not a total derivative
2
{
∂µΛνD[aXµDb]Xν
} = 2∂[a{ΛνDb]Xν + · · ·}
and not even D1-branes with topologically trivial world volumes are described by a gauge-invariant action. We
need to think more carefully how a background field gauge transformation should be defined in the non-Abelian
action.
The most important modification to the action (1.1), with interesting physical implications, was found by
Myers [20] and Taylor and Van Raamsdonk [21], when new dielectric couplings to higher order background field
potentials were shown to arise as a consequence of T-duality in non-Abelian actions. Myers found that the full
T-duality-invariant form of the Chern–Simons action is given by:
(1.6)SDp = Tp
∫ {
P
[
e(iXiX)
(
CeB
)]
eF
}
,
where (iXC)µ1...µn denotes the interior product Xµ0Cµ0...µn . These terms induce dipole and higher moment
couplings to R–R fields with rank higher than p + 1, which give rise, in particular, to the many non-Abelian
solutions of Dp-branes expanding into fuzzy surfaces that have been constructed in the literature (see, for instance,
[20,22]).
Although these new terms are indeed necessary for the consistency of the T-duality transformations, they make
the issue of the gauge invariance of the non-Abelian action even more unclear, because a pullback of a variational
parameter of the form {P [(iXiX)∂Λn+1]} is by no means a total derivative.
From all this it is clear that the gauge invariance of the non-Abelian action for D-branes requires further study.
Nevertheless, there has been remarkably few concern about this issue in the literature (see, however, [23]). The first
serious but quite involved attempt to show that the Chern–Simons action (1.6) can be written in a form which is
invariant under δCp = p∂Λp−1 was made in [24]. By expanding the R–R background fields in their non-Abelian
Taylor expansion (1.2), and integrating each term by parts, it was proven [24] that the Chern–Simons action could
be written as an infinite series of terms involving only the R–R field strengths. It is remarkable, however, that the
resulting series cannot be interpreted as a Taylor series, or as a pullback of Fp+1(Xi). In spite of these non-trivial
results, [24] can still not be the complete story, because it hardly looks at the NS–NS gauge transformations
(1.7)δBµν = 2∂[µΣν],
neither does it address the massive gauge transformations of Romans’ theory (which originally concerned the
authors of [4,7]).
The aim of this Letter is twofold. First, by carefully defining what is meant by a background gauge
transformation in the non-Abelian world volume theory, we will present an elegant method to prove the invariance
of the world volume effective action under the R–R and NS–NS gauge transformations. Secondly, we will consider
the most general case of a massive Type IIA supergravity background, which will require dealing as well with the
massive gauge transformations of Romans’ theory [4,7] for the dielectric case. In this respect it is a priori not clear
whether and how the action (1.6) will have to be modified to the case of coincident D-branes in backgrounds
of massive Type IIA supergravity. The original derivation [20] of the action (1.6) started with N coincident
D9-branes and generated the action for coinciding lower-dimensional D-branes through a chain of (massless) T-
duality transformations, with more and more non-Abelian couplings being generated as the number of transverse
dimensions grew bigger. Since the D8-branes live in massive IIA supergravity the appropriate setting would be to
use the massive T-duality rules between Romans’ theory and Type IIB supergravity [6,7], at least in the T-duality
between the D9- and the D8-branes and between the D8- and the D7-branes.
We will generalise the action (1.6) to include D-branes living in massive Type IIA in two ways. First of all,
we will show that certain (mass-dependent) world volume couplings have to be added to the action to achieve
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are necessary and that the only massive world volume couplings are the ones already given in [4]. Secondly, we
will start from the action for N D9-branes and rederive the equivalent to (1.6) in a massive background using
massive T-duality. We will show that the extra massive terms previously added by demanding gauge invariance are
precisely those generated by the massive T-duality transformations, and that no massive dielectric terms appear by
this procedure either.
The organisation of this Letter is as follows. In Section 2 we discuss the gauge invariance of the “pre-
dielectric” action (1.1), taking into account the contribution of the U(N) covariant pullbacks and the fact that
the background fields are functionals of the non-Abelian scalars Xµ. This will clarify how to define background
gauge transformations in the non-Abelian world volume theory. We show as well how this action has to be modified
to achieve invariance under massive gauge transformations. In Section 3 we generalise these results to the full non-
Abelian action including dielectric couplings and in Section 4 we show that these results agree with the ones
obtained applying massive T-duality. Finally, we summarise our conclusions in Section 5. Our conventions for the
gauge transformations of the background fields and the Abelian actions can be found in Appendix A.
2. Gauge invariance of the “pre-dielectric” action
As mentioned in the introduction, in the non-Abelian case the gauge variation of the pullback of a background
field can no longer be defined as the pullback of the gauge variation, simply because due to the covariant derivatives
used in the pullback, a naive pullback of the variational parameter cannot be written as a total derivative, and hence
does not lead to a gauge-invariant action. Moreover, adding more terms to the action via a Noether procedure in
order to obtain a total derivative gauge variation would violate U(N) covariance.
In order to have an action invariant under the background gauge transformations, we need to fulfill two
conditions. First, it must be possible to write the variation as a total derivative, and second, the variation has to be a
scalar under U(N) gauge transformations. We will propose a definition for a background gauge transformation in
the non-Abelian world volume theory that satisfies these conditions, and relates to the usual gauge transformations
in the Abelian case.
We define the variation of the pullback of a R–R field Cp under the background gauge transformation
δCp = p∂Λp−1 as:
δ
{
P [Cp]
}≡ p∂{P [Λp−1]}= p∂[b{Λµ1...µp−1Da1Xµ1 · · ·Dap−1]Xµp−1}
= p{∂νΛµ1...µp−1D[bXνDa1Xµ1 · · ·Dap−1]Xµp−1
+ (p − 1)Λµ1...µp−1D[bDa1Xµ1 · · ·Dap−1]Xµp−1
}
(2.1)= p
{
P [∂Λp−1] + i2 (p − 1)Λµ1...µp−1
[
F[ba1,Xµ1
]
Da2X
µ2 · · ·Dap−1]Xµp−1
}
.
With this definition we see that the variation is not just the pullback of the gauge parameter, but contains as well a
non-Abelian correction term proportional to [F,X], which is needed in order to assure complete gauge invariance.
For the Abelian case, the correction term disappears and we recover the well-known gauge transformation for
Abelian D-brane actions. Note that the definition (2.1) can also be written as
(2.2)δ{P [Cp]}= p{DP [Λp−1]}= p{D[a1(Λµ2...µpDa2Xµ2 · · ·Dan]Xµp )},
where the covariant derivative Da1 not only acts on the background gauge parameter Λp−1, but also on the covariant
derivatives in the pullback.
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Λp−2n−1 as:
(2.3)δ{P [Cp]}=
{[(p−1)/2]∑
n=0
p!
2nn!(p − 2n − 1)!DP [Λp−2n−1]P
[
Bn
]}
.
It is then straightforward to derive the variation of terms of the following form:
(2.4)δ{P [Cp]Fk}=
{[(p−1)/2]∑
n=0
p!
2nn!(p − 2n − 1)!DP [Λp−2n−1]P
[
Bn
]
Fk
}
,
(2.5)δ{P [CpBk]}=
{[(p−1)/2]∑
n=0
p!
2nn!(p − 2n − 1)!DP [Λp−2n−1]P
[
Bn+k
]}
.
Similarly the non-Abelian generalisation of the NS–NS gauge transformation (1.7) is defined as
(2.6)δP [B] = 2DP [Σ].
The Born–Infeld field should then transform as well as δV = −P [Σ], which is the non-Abelian generalisation
of the Abelian transformation δVa = −Σµ∂aXµ. It is clear that in this way the non-Abelian field strength
F = F + P [B] is, indeed, invariant.
With these definitions, the computation of the gauge transformations of the action
LDp = (−)[(p+1)/2]
{
P
[
1
(p + 1)!C(p+1) −
1
2(p − 1)!Cp−1F +
1
8(p − 3)!Cp−3F
2
− 1
48(p − 5)!Cp−5F
3 + 1
384(p − 7)!Cp−7F
4 − 1
3840(p − 9)!Cp−9F
5
(2.7)+ (−2)(p+2)/2 (p + 1)!!
(p + 2)! mωp+1
]}
,
is straightforward, since it formally reduces to the Abelian case. Note that an extra Chern–Simons-like term
(2.8)ω2n+1 =
n∑
k=0
ik
2k(n + k + 1)
(n + 1)!
k!(n − k)!V (∂V )
n−k[V,V ]k,
has to be added to the action of the even D-branes [4], in order to assure the invariance under the massive gauge
transformations (A.1) of massive Type IIA supergravity, which in the action act on the pullback of the fields as
(2.9)δ{P [C2p+1]}= −(2p + 1)!!m{P [ΣBp]}.
These Chern–Simons terms are constructed in such a way that they transform under the Yang–Mills gauge
transformations as a total derivative, and under the Σ transformations as
(2.10)δω2n+1 = −n + 12n ΣF
n,
and thus cancel the massive gauge transformation of the R–R background fields. They are the non-Abelian
generalisation of the V (∂V )n terms in [7].
So far we have rederived the results of [4] on the gauge invariance of non-Abelian Chern–Simons actions, taking
into account explicitly the U(N) covariant pullbacks and the fact that the background fields are functionals of the
non-Abelian coordinates Xµ. As we have seen this forces a precise definition for what we mean by gauge variation
of a non-Abelian pullback. A consistency check of our definitions (2.2)–(2.6) and (2.9) is that the variation of the
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section we will check this and see that in this manner we can find a natural way to also prove the gauge invariance
of the dielectric terms.
3. Gauge invariance of the dielectric couplings
In this section we show that the gauge transformation of the pullback of a R–R field Cp , as defined in (2.1), is
consistently mapped under T-duality into the gauge transformation of the pullback of the T-dual of Cp . To show this
let us define a R–R field C˜p , being related to Cp via a gauge transformation3 C˜µˆ1...µˆp = Cµˆ1...µˆp +p∂[µˆ1Λµˆ2...µˆp].
We then have on the one hand by definition (2.1) that
(3.1){C˜a1...ap−1σ }= {Ca1...ap−1σ }+ p∂[a1{Λa2...ap−1σ ]},
while on the other hand, we know [20] that applying T-duality on C˜p we get (for simplicity we truncate for now to
the “diagonal approximation” gµx = Bµˆνˆ = 0)
{
C˜µˆ1...µˆpD[a1X
µˆ1 · · ·Dap−1Xµˆp−1Dσ ]Xµˆp
}
(3.2)
→ {C˜µ1...µp−1D[a1Xµ1 · · ·Dap−1]Xµp−1 + iC˜µ1...µpxD[a1Xµ1 · · ·Dap−1]Xµp−1 [Xx,Xµp ]}
= {Cµ1...µp−1D[a1Xµ1 · · ·Dap−1]Xµp−1 + iCµ1...µpxD[a1Xµ1 · · ·Dap−1]Xµp−1[Xx,Xµp ]}
+∂[a1
{
(p − 1)Λµ2...µp−1Da2Xµ2 · · ·Dap−1]Xµp−1
+ (p + 1)iΛµ2...µpxDa2Xµ2 · · ·Dap−1]Xµp−1
[
Xx,Xµp
]}
,
where we used that C˜p−1 and C˜p+1 are related to, respectively, Cp−1 and Cp+1 by the same type of background
gauge transformation that relates C˜p to Cp . We then find that the pullback of the gauge parameter transforms under
T-duality as
(3.3)p{D[a1Λa2...ap−1σ ]}→ {(p − 1)D[a1Λa2...ap−1] + (p + 1)iD[a1Λa2...ap−1]µpx[Xx,Xµp ]}.
In other words, the variation of the pullback of a R–R p-form potential goes under T-duality to the variation of the
pullback of a R–R (p − 1)-form potential plus the variation of the pullback of the first dielectric coupling term:
(3.4)δ{P [Cp]}→ δ{P [Cp−1]}+ iδ{P [(iXiX)Cp+1]},
if we define:
δ
{
P
[
(iXiX)Cp+1
]}≡ (p + 1)∂{P [(iXiX)Λp]}
= (p + 1){P [(iXiX)∂Λ]+ (p − 2)Λµˆνˆρˆ[a3...ap−1[Fa1a2],Xρˆ][Xνˆ,Xµˆ]
(3.5)+ 2Λµˆνˆ[a2...ap−1
[
Da1]Xνˆ,Xµˆ
]}
.
The derivation with the full T-duality rules (beyond the diagonal approximation) is straightforward and not very
enlightening, so we rather concentrate on the generalisation of the variation (2.3) for dielectric couplings, which
3 In this section a hatted index indicates that it runs from 0 to 9, including the T-duality direction, which is denoted by x. Unhatted indices
exclude the T-duality direction. Similarly, in the world volume indices we denote the T-duality direction by σ and the other directions by a.
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(3.6)
δΛ
{
P
[
(iXiX)Cp
]}
=
[(p−1)/2]∑
n=0
{
(p − 2)!(p − 2n)
2nn!(p − 2n − 2)!DP [iX iXΛp−2n−1]P
[
Bn
]
+ (p − 2)!(p − 2n)
2n−2(n − 1)!(p − 2n − 1)!DP [iXΛp−2n−1]P
[
(iXB)Bn−1
]
+ (p − 2)!
2n−2(n − 2)!(p − 2n − 1)!DP [Λp−2n−1]P
[
(iXB)2Bn−2
]
+ (p − 2)!
2n−1(n − 1)!(p − 2n − 1)!DP [Λp−2n−1]P
[
(iXiXB)Bn−1
]}
.
Here the coefficients in front of each term are the different weights that arise when the inclusion factor (iXiX) acts
on the various background fields.
Similarly, under massive gauge transformations, the dielectric terms transform as
(3.7)δΣ
{
P
[
(iXiX)Cp
]}= −p!!m{P [(iXiX)(ΣB(p−1)/2)]},
while the variation under the NS–NS gauge transformation is given by
(3.8)δΣ
{
P [iXB]
}= {2DP [iXΣ]}, δΣ{P [(iXiX)B]}= {(iXiX)∂Σ}.
As an example let us now look at the gauge transformations of the non-Abelian action for D6-branes, being this
the simplest non-trivial case in which both dielectric couplings and massive gauge transformations are present. We
will leave the invariance of the general Dp-brane action to the reader.
The dielectric part in the non-Abelian Chern–Simons action describing a system of coincident D6-branes in a
massive Type IIA background can be written as (see Appendix A)
(3.9)LD6 ∼ −
{ 3∑
n=0
(−)n
2nn!(7 − 2n)!P
[
(iXiX)A9−2n
]
Fn
}
,
where the p-formsAp are defined in (A.3). This form is very convenient to show the R–R gauge invariance, because
it is obvious from the Abelian case that each Ap is invariant under the R–R and massive gauge transformations
(A.1). Therefore, in this form the invariance of the action (3.9) under the transformations (3.6) and (3.7) is
straightforward. It is also clear that besides the massive terms (2.8), introduced in [4], no other dielectric mass
terms are needed to assure gauge invariance.
The invariance under the NS–NS transformations (3.8) is, however, more subtle, due to the fact that (iXiX) acts
on B but it does not act on F , so that they do not combine in an obvious way into the interior product of the
gauge-invariant field strength F . In order to show the invariance under these transformations let us look at those
terms with a given Cp , for example, the dielectric terms that couple to C7
(3.10)LD6 ∼
{
P
[−21(iXiX)C7F − 36(iXiX)(C7B)]}.
Taking into account that the interior products (iXiX) in the first term only act on C7, while in the second term they
act both on C7 and on B , we have, explicitly:
(3.11)LD6 ∼
{
P
[−21(iXiXC7)F − 21(iXiXC7)B − 14(iXC7)(iXB) − C7(iXiXB)]},
so we see that the first two terms can be combined into the NS–NS invariant field strength, whereas the terms where
B is contracted with one or two iX cannot. The NS–NS gauge variation of the latter is given by
(3.12)δΣLD6 ∼
{−28P [(iXC7)]DP [(iXΣ)]− 2P [C7](iXiX∂Σ)},
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transformations is the Born–Infeld vector Va , which is, however, a world volume field and cannot be contracted
with iX . Actually, these contractions of the gauge parameter with the transverse scalars are zero, due to reasons
inherent to the construction of the action. Recall that the action for non-Abelian Dp-branes is derived from the
action for coincident D9-branes using T-duality [20], so that the directions in which the T-dualities are performed
have to be isometric. In the T-dualised action these isometry directions correspond to the transverse directions Xi ,
which through the T-duality mapping Vi → Xi inherit the gauge transformation of the ith component of the Born–
Infeld field: δΣXi = −Σi . Since these directions are isometric, the contractions of Σ with the transverse scalars
must vanish, and in this way the gauge invariance is guaranteed. Strictly speaking, this kind of terms are already
zero in the Abelian case. However, in that case if we demand the action to be invariant under diffeomorphisms
of the background we recover a fully invariant action. Yet, in the non-Abelian case there is no clear notion of
general coordinate transformations (see, for example, [17,18]), and it is not clear how the resulting isometries can
be removed. The fact that the terms in (3.12) vanish is therefore a manifestation of the lack of diffeomorphism
invariance of the action (A.4). We expect that in a fully diffeomorphism invariant formulation extra terms will be
generated whose variation will cancel the terms in (3.12).
4. The non-Abelian CS action and massive T-duality
In this section we derive the Chern–Simons action for coincident Type IIA Dp-branes in a massive background,
applying the same method of [20]. We start with a system of N D9-branes and use the massive T-duality rules
between the massive Type IIA and Type IIB theories to generate the action for lower-dimensional branes. We will
show that the form of the action is consistent with the one obtained in the previous sections from gauge invariance.
In particular, we will show that, besides the mass terms (2.8) presented in [4] no extra dielectric mass terms are
required.
The massive T-duality rules for general R–R potentials are given by [6,25]
C2k
∣∣
x
= −C2k−1 + (2k − 1) g|x
gxx
C2k−1
∣∣
x
− mx (2k − 1)!
2k−1(k − 1)!
g|x
gxx
Bk−1,
C2k = C2k+1
∣∣
x
− 2kC2k−1B
∣∣
x
− 2k(2k − 1)C2k−1
∣∣
x
B
∣∣
x
g|x
gxx
− (2k)!
2kk! mxB
k
− (2k)!
2k−1(k − 1)!mx
g|x
gxx
Bk−1B
∣∣
x
,
C2k+1
∣∣
x
= C2k + 2k g|x
gxx
C2k
∣∣
x
+ (2k)!
2kk! mxB
k + (2k)!
2k−1(k − 1)!mx
g|x
gxx
Bk−1B
∣∣
x
,
(4.1)C2k+1 = −C2k+2
∣∣
x
+ (2k + 1)C2kB
∣∣
x
+ (2k + 1)2k g|x
gxx
C2k
∣∣
x
B
∣∣
x
,
where x denotes the T-duality direction and ·|x means that the last space–time index is x .
The action for N D9-branes can be expressed in terms of the p-forms Ap of (A.3) as
(4.2)LD9 = −
{ 5∑
n=0
(−)n
2nn!(10 − 2n)!A10−2nF
n
}
.
Taking into account that the massive T-duality rules (4.1) acting on (A.3) give simply
(4.3)A2q+3
∣∣
x
A2q+2, A2q+2
∣∣
x
A2q+1, A1
∣∣
x
C0 + mXx,
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Vσ → Xx, DaXµ → DaXµ, DσXµ → i[Xx,Xµ],
(4.4)Faσ → DaXx, DaXx → 0, DσXx → 1,
we obtain for a system of N coincident Dp-branes
(4.5)
LDp = (−)[(p+1)/2]
{ [(p+1)/2]∑
n=0
1
(2n)!!(p + 1 − 2n)!P
[
A(p+1−2n) + i2 (iXiX)Ap+3−2n −
1
4
(iXiX)2Ap+5−2n
− i
8
(iXiX)3Ap+7−2n + 116 (iXiX)
4Ap+9−2n
]
Fn + (−2) p+22 (p + 1)!!
(p + 2)! mωp+1
}
.
It is clear from the T-duality rules (4.3) and (4.4) that the only massive terms that appear in the action come from
the C0Fp/2F |σ terms, which after partial integration [7] lead to the ωp+1. This agrees with the conclusions from
Section 3, where it was found that the resulting action was invariant under massive gauge transformations without
the need for extra dielectric massive terms.
5. Conclusions
We have presented an elegant way to demonstrate the invariance of the non-Abelian Chern–Simons action for
D-branes under the gauge transformations of the background fields. By carefully defining what precisely is meant
with a background gauge variation in the world volume theory, we have found that the action is, indeed, invariant
under R–R transformations (including massive transformations) if a Chern–Simons-like mass term involving the
non-Abelian Born–Infeld vector is added. This extra mass term appears only in the non-dielectric part of the action
and its presence was already found in [4]. No extra dielectric mass terms are present. Our results are confirmed
by the construction of the non-Abelian Chern–Simons action for D-branes in massive backgrounds via massive
T-duality.
The invariance under the NS–NS transformations is more subtle, but it is guaranteed because by (the T-duality)
construction the transverse space directions must be isometric. As a consequence of this the variation of the terms
where the NS–NS B-field is contracted with one or two inclusions iX vanishes. The fact that these terms are zero
is intimately related to the fact that the non-Abelian Chern–Simons action is not invariant under general coordinate
transformations. We would expect a fully diffeomorphism-invariant action to contribute with extra terms whose
variation under NS–NS gauge transformations would cancel the variations that in our case are set to zero by
construction. The structure of the latter could give valuable hints in the construction of a diffeomorphism invariant
Chern–Simons action for D-branes.
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In our conventions the gauge transformations of the R–R background fields are given by:
(A.1)δCp =
[(p−1)/2]∑
n=0
p!
(2n)!!(p − 2n − 1)!∂Λp−2n−1B
n − p!!mΣB(p−1)/2,
where the square brackets in the summation indicate integer part for p even, and the massive term is only non-
vanishing for the odd R–R potentials of the massive Type IIA theory.
The Abelian Chern–Simons action for D-branes, involving massive terms for the case of Romans’ theory, is
given by [4,7]:
(A.2)LDq = (−)[(q+1)/2]
[(q+1)/2]∑
n=0
(−)n
2nn!(q − 2n + 1)!P [Cq−2n+1]F
n − (−)q/22(q+2)/2 (q + 1)!!
(q + 2)! mV (∂V )
q/2.
Here P [. . .] denotes the (Abelian) pullback and F is defined as F = F + P [B], with F = 2∂V .
A useful form for the non-Abelian Chern–Simons action can be obtained introducing the following p-forms
(A.3)Ap =
[p/2]∑
k=0
(−)kp!
2kk!(p − 2k)!Cp−2kB
k,
which contain basically (up to an overall factor) the background field dependence of the pullback of the Abelian
D(p − 1)-brane action (A.2). The non-Abelian action for, for example, a D6-brane is then given by
(A.4)LD6 = −
{ 3∑
n=0
(−)n
2nn!(7 − 2n)!P [C7−2n]F
n − 1
24
mω7 +
3∑
n=0
(−)n
2nn!(7 − 2n)!P
[
(iXiX)A9−2n
]
Fn
}
,
where now F is the non-Abelian field strength F = 2∂V + i[V,V ] and the pullback is taken with covariant
derivatives. The first two terms constitute the “pre-dielectric” action presented in [3,4], while the third term contains
the dielectric couplings of [20]. The fact that the dielectric couplings appear precisely through contractions of the p-
formsAp is crucial for the gauge invariance of the action. Lower-dimensional D-branes, with higher rank dielectric
couplings, will contain analogous structures.
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